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1. Introduction
Nielsen ﬁxed point theory (see [3,10]) is mainly concerned with the estimation of the number of ﬁxed points of self-
maps. It has also been extended to study the number of periodic points. The so-called Nielsen periodic point theory started
with [6], and was treated systematically in [10,8,9]. In [17], equivariant Nielsen ﬁxed point theory was applied to periodic
point theory. Moreover, relative Nielsen ﬁxed point theory was also involved in considering the periodic points of self-maps
(see [18]).
In this paper, we illustrate some new relations among these theories. Our main tool is the so-called symmetric product
space SPn X of a topological space X , i.e. the orbit space Xn/Σn of n-fold product Xn of X under the natural action of the n-
symmetric group Σn . In ﬁxed point theory, Maxwell considered the ﬁxed points of symmetric product maps, i.e. the maps of
the form ψ : X → SPn X . A kind of Lefschetz ﬁxed point theorem was obtained in [13]. After that, some new invariants in this
situation were deﬁned in [14,4], and other papers. Our consideration here is a little different. Given a self-map f : X → X ,
we shall discuss the ﬁxed points of the map SPn f : SPn X → SPn X , which is induced naturally by f . In fact, any ﬁxed point
of SPn f is derived from some periodic point orbits of f . We shall explain this phenomenon on the level of the ﬁxed point
class, and obtain more relations among classical Nielsen ﬁxed point theory, relative Nielsen ﬁxed point theory and Nielsen
periodic point theory. Thus, we develop the ideas of [17,18]. It should be mentioned that when f is a self-embedding, such
kinds of relations were also noticed in [12] and formalized in [11].
Actually, “symmetric product” is a widely used concept in algebraic topology and other mathematical ﬁelds. One of the
signiﬁcant results is the isomorphism π∗(SP(X)) ∼= H˜∗(X) for any CW complex X , which is due to Dold and Thom [5],
where SP(X) is the inﬁnite symmetric product of X . The concept of “symmetric product” was introduced by Borsuk and
Ulam in [2], but that is not the same as what is used later. In their sense, the n-fold symmetric product of a space X was
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all compact subsets of X .
Our paper is organized as follows. In Section 2, we shall review some basic deﬁnitions and properties of ﬁxed point
classes via the universal covering approach. In Section 3, we shall discuss the ﬁxed point classes of self-maps on product
spaces, especially for the maps induced by self-maps on the factor space. Section 4 is devoted to the ﬁxed point classes of
induced self-maps on symmetric product spaces. By using the symmetric product, some relations among relative Nielsen
ﬁxed point theory and Nielsen periodic point theory will be given in the last section, and a concrete example is also
provided.
Throughout this paper, all spaces are assumed to be connected compact polyhedra. Here are some notations:
• ∏nj=1 X j : the product set (space, or group) X1 × X2 × · · · × Xn;
• (x j)nj=1: the element (x1, x2, . . . , xn) in some product space
∏n
j=1 X j with x j ∈ X j for j = 1,2, . . . ,n;
• ∏nj=1 f j : the product of the maps f1, f2, . . . , fn , which is a map from ∏nj=1 X j to ∏nj=1 Y j given by (∏nj=1 f j)((x j)nj=1) =
( f j(x j))nj=1, where f j is a map from X j to Y j for j = 1,2, . . . ,n;
• ∏n f : the map ∏nj=1 f j , where all f j are the same map f ;• Σn: n-symmetric group, each of its elements is given by an ordered n tuple (i1, i2, . . . , in) with {i1, i2, . . . , in} =
{1,2, . . . ,n};
• σ Yn : the natural homeomorphism on Yn induced by an element σ ∈ Σn , i.e. σ Yn (y1, y2, . . . , yn) = (yi1 , yi2 , . . . , yin ) if
σ = (i1, i2, . . . , in);
• σm: the element in Σn:(
m1,1,2, . . . ,m1 − 1︸ ︷︷ ︸
m1
,m1 +m2,m1 + 1,m1 + 2, . . . ,m1 +m2 − 1︸ ︷︷ ︸
m2
,
. . . , . . . ,
k−1∑
j=1
mj +mk,
k−1∑
j=1
mj + 1, . . . ,
k−1∑
j=1
mj +mk − 1
︸ ︷︷ ︸
mk
)
,
where m= (m1,m2, . . . ,mk) and mj is a positive integer with ∑kj=1mj = n;• SPn X : n-fold symmetric product of X , i.e. the orbit space Xn/Σn of Xn under the natural action of n-symmetric
group Σn;
• qn: the quotient map from Xn to SPn X
• q˜n,lift: the correspondence, which is induced by a lifting of qn : Xn → SPn X , from the set of liftings of a self-map on Xn
to the set of liftings of a self-map on SPn X ;
• qn,FPC: the correspondence, which is induced by qn : Xn → SPn X , from the set of ﬁxed point classes of a self-map on Xn
to the set of ﬁxed point classes of a self-map on SPn X ;
• D( X˜): the covering translation group of the universal covering p : X˜ → X ;
• f˜π : the endomorphism on D( X˜) which is induced by a lifting f˜ of a given self-map f .
2. Reviews
In this section, we shall give a brief account of basic deﬁnitions and facts related to ﬁxed point classes via the universal
covering approach (see [10] for more details).
Let f : X → X be a self-map, and p : X˜ → X be the universal covering. Then we have
Fix( f ) =
⋃
f˜
p
(
Fix( f˜ )
)
,
where f˜ ranges over all liftings of f to the universal covering space X˜ . Two liftings f˜ and f˜ ′ are said to be conjugate
if f˜ = γ f˜ ′γ−1 for some γ in the covering translation group D( X˜). Note that (1) p(Fix( f˜ )) = p(Fix( f˜ ′)) if f˜ and f˜ ′ are
conjugate; (2) p(Fix( f˜ )) ∩ p(Fix( f˜ ′)) = ∅ if f˜ and f˜ ′ are not conjugate. The subset p(Fix( f˜ )) of Fix( f ) is said to be the ﬁxed
point class of f determined by the lifting (or class) f˜ of f . In this paper, all ﬁxed point classes are in the sense of liftings.
Some ﬁxed point classes may be empty sets. The set of ﬁxed point classes of a given map f is written as FPC( f ).
Let us ﬁx a lifting f˜ of f . Recall that any two liftings of f differ by a covering translation. Thus, each lifting of f
can be written uniquely as γ f˜ for some γ in D( X˜). Note that for any α ∈ D( X˜), f˜ α is also a lifting of f . Hence, there
exists uniquely β in D( X˜) such that f˜ α = β f˜ . We shall write β = f˜π (α). In fact, the equality f˜π (γ ) f˜ = f˜ γ gives rise to a
well-deﬁned homomorphism f˜π :D( X˜) →D( X˜) (see [10, Deﬁnition 1.1, p. 24]).
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X
f
h
X
h
Y
g
Y
which is called a morphism of self-maps (see [10, Deﬁnition 1.4, p. 42]). Pick a lifting h˜ of h, i.e. a map h˜ : X˜ → Y˜ from the
universal covering space X˜ of X to the universal covering space Y˜ of Y such that the following diagram commutes
X˜
h˜
p
Y˜
p′
X
h
Y
where p : X˜ → X is the universal covering of X , and p′ : Y˜ → Y is the universal covering of Y . In this paper, any lifting of a
map is always in this sense. For any lifting f˜ of f , by a standard covering space argument, there is a unique lifting g˜ of g
such that g˜h˜ = h˜ f˜ . In this way, we obtain a correspondence from the set of all liftings of f to that of g , which is written as
h˜lift . Here, g˜ = h˜lift( f˜ ). It is easy to check that h˜lift induces a correspondence hFPC : FPC( f ) → FPC(g), sending the ﬁxed point
class determined by f˜ to the ﬁxed point class of g determined by g˜ = h˜lift( f˜ ). The correspondence hFPC is independent of
the choice of lifting of h. Such a correspondence is a natural one: if F is the ﬁxed point class of f containing a ﬁxed point
x, then hFPC(F ) is the ﬁxed point class of g containing the ﬁxed point h(x).
3. Fixed point classes on the product spaces
In this section, we shall consider the ﬁxed point classes of self-maps on the product space Xn , which are induced by
self-maps on X .
Consider a self-map f : X → X . If x is a ﬁxed point of f , the point (x, . . . , x︸ ︷︷ ︸
n
) is a ﬁxed point of
∏n f . More generally, if
x j is a ﬁxed point of f m j , j = 1,2, . . . ,k, where ∑kj=1mj = n, then((
f i(x j)
)mj−1
i=0
)k
j=1 =
(
x1, f (x1), . . . , f
m1−1(x1), . . . , . . . , xk, f (xk), . . . , f mk−1(xk)
)
is a ﬁxed point of (
∏n f )σ Xnm , where m = (m1,m2, . . . ,mk). On the level of ﬁxed point classes, we have
Deﬁnition 3.1. Let F1, F2, . . . , Fk be ﬁxed point classes of f m1 , f m2 , . . . , f mk , respectively, where
∑k
j=1mj = n. We de-
ﬁne (F1, F2, . . . , Fk) to be the ﬁxed point class of (
∏n f )σ Xnm determined by ∏kj=1(α j f˜ ,∏mj−1 f˜ )σ X˜nm , where m =
(m1,m2, . . . ,mk), f˜ is a lifting of f , and each F j is determined by α j f˜ m j with α j ∈D( X˜) for j = 1,2, . . . ,k.
Concerning this deﬁnition, we have
Proposition 3.2. The ﬁxed point class (F1, F2, . . . , Fk) is well deﬁned.
Proof. Since f˜ is a lifting of f ,
∏k
j=1(α j f˜ ,
∏mj−1 f˜ ) is a lifting of ∏n f . It follows that (∏kj=1(α j f˜ ,∏mj−1 f˜ ))σ X˜nm is a
lifting of (
∏n f )σ Xnm . It is suﬃcient to show the independence of the choices of the lifting f˜ and the α j ’s in D( X˜).
First, suppose that a reference lifting f˜ of f is chosen. For each j, if α′j f˜
m j and α j f˜ m j determine the same ﬁxed point
class F j , then there is a covering translation γ j ∈D( X˜) such that α′j f˜ m j = γ jα j f˜ m jγ−1j . Note that
η = (( f˜ iπ (γ j))mj−1i=0 )kj=1
= (γ1, f˜π (γ1), . . . , f˜ m1−1π (γ1), . . . , . . . , γk, f˜π (γk), . . . , f˜ mk−1π (γk))
is a covering translation of the universal covering space X˜n of Xn . For any point (x˜ j,1, x˜ j,2, . . . , x˜ j,mj )
k
j=1 in X˜
n , we have
η
k∏(
α j f˜ ,
∏mj−1
f˜
)
σ X˜
n
m η
−1((x˜ j,1, x˜ j,2, . . . , x˜ j,mj )kj=1)j=1
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k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
)
σ X˜
n
m
((
γ −1j (x˜ j,1), f˜π
(
γ −1j
)
(x˜ j,2), . . . , f˜
m j−1
π
(
γ −1j
)
(x˜ j,mj )
)k
j=1
)
= η
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
)((
f˜
m j−1
π
(
γ −1j
)
(x˜ j,mj ), γ
−1
j (x˜ j,1), f˜π
(
γ −1j
)
(x˜ j,2), . . . , f˜
m j−2
π
(
γ −1j
)
(x˜ j,mj−1)
)k
j=1
)
= η((α j f˜ ( f˜ m j−1π (γ −1j )(x˜ j,mj )), f˜ (γ −1j (x˜ j,1)), f˜ ( f˜π (γ −1j )(x˜ j,2)), . . . , f˜ ( f˜ m j−2π (γ −1j )(x˜ j,mj−1)))kj=1)
= η((α j f˜ m jπ (γ −1j ) f˜ (x˜ j,mj ), fπ (γ −1j ) f˜ (x˜ j,1), f˜ 2π (γ −1j ) f˜ (x˜ j,2), . . . , f˜ m j−1π (γ −1j ) f˜ (x˜ j,mj−1))kj=1)
= (γ jα j f˜ m jπ (γ −1j ) f˜ (x˜ j,mj ), f˜ (x˜ j,1), . . . , f˜ (x˜ j,mj−1))kj=1.
Since α′j( f˜ )
mj = γ jα j( f˜ )mjγ−1j = γ jα j f˜
m j
π (γ
−1
j )( f˜ )
mj , by the uniqueness of lifting, we have that γ jα j f˜
m j
π (γ
−1
j ) = α′j .
Hence, the last item in the above computation is(
α′j f˜ ,
∏mj−1
f˜
)
σ X˜
n
m
(
(x˜ j,1, . . . , x˜ j,mj )
k
j=1
)
.
Thus, (
∏k
j=1(α′j f˜ ,
∏mj−1 f˜ ))σ X˜nm and (∏kj=1(α j f˜ ,∏mj−1 f˜ ))σ X˜nm are two conjugate liftings of (∏n f )σ Xnm , and therefore they
determine the same ﬁxed point class of (
∏n f )σ Xnm .
Second, we shall show that the deﬁnition of (F1, F2, . . . , Fk) is independent of the choice of the reference lifting f˜ of f .
Note that for any two liftings f˜ and f˜ ′ of f , there is an element β ∈D( X˜) such that f˜ ′ = β f˜ . Set
ζ = (1, β,β fπ (β), . . . , β fπ (β) · · · f˜ m j−2π (β))kj=1.
Assume that α j f˜ m j = α′j( f˜ ′)mj determines F j for each j. We have that α j = α′jβ f˜π (β) · · · f˜
m j−1
π (β). A direct computation
shows that(
k∏
j=1
(
α′j f˜
′,
∏mj−1
f˜ ′
))
σ X˜
n
m = ζ
(
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
))
σ X˜
n
m ζ
−1,
and hence we are done. 
The next proposition will show the naturality of the ﬁxed point class (F1, F2, . . . , Fk).
Proposition 3.3. Let F1, F2, . . . , Fk be ﬁxed point classes of f m1 , f m2 , . . . , f mk , respectively, where
∑k
j=1mj = n. If each F j contains
a ﬁxed point x j , then the point(
x j, f (x j), f
2(x j), . . . , f
m j−1(x j)
)k
j=1
is a ﬁxed point of (
∏n f )σ Xnm lying in the ﬁxed point class (F1, F2, . . . , Fk), where m = (m1,m2, . . . ,mk).
Proof. With respect to the universal covering p : X˜ → X , pick a lifting f˜ of f . Each F j is determined by α j( f˜ )mj for
some α j ∈ D( X˜), j = 1,2, . . . ,k. Since x j is contained in the ﬁxed point class F j , there is a point x˜ j ∈ p−1(x j) such that
α j f˜ m j (x˜ j) = x˜ j for each j. Write
y˜ = (x˜ j, f˜ (x˜ j), f˜ 2(x˜ j), . . . , f˜ m j−1(x˜ j))kj=1.
Since
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
)
σ X˜
n
m ( y˜)
=
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
)((
f˜ m j−1(x˜ j), x˜ j, f˜ (x˜ j), . . . , f˜ m j−2(x˜ j)
)k
j=1
)
= (α j f˜ m j (x˜ j), f˜ (x˜ j), f˜ 2(x˜ j), . . . , f˜ m j−1(x˜ j))kj=1
= y˜,
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∏n p)( y˜) = (x j, f (x j), f 2(x j), . . . , f m j−1(x j))kj=1 is a ﬁxed point of (∏n f )σ Xnm lying in the
ﬁxed point class (F1, F2, . . . , Fk). 
4. Symmetric product spaces and induced maps
In this section, we shall present a kind of construction of the symmetric product space of a given space and its universal
covering, which is based on the results of [1]. For a self-map, the ﬁxed point classes of its induced map of symmetric
product spaces will be considered.
Since p : X˜ → X is the universal covering of X with covering translation group D( X˜), for any positive integer n, the
product map
∏n p : X˜n → Xn is the universal covering of the product space Xn with covering translation group D( X˜)n .
Thus, we can say that Xn is the orbit space of X˜n under the free action of D( X˜)n . Since n-symmetric group Σn acts
naturally on the D( X˜)n , we have a semi-direct product D( X˜)n  Σn . Its group structure is given by
(α,σ )
(
α′,σ ′
)= (ασ (α′),σσ ′), α,α′ ∈D( X˜)n, σ ,σ ′ ∈ Σn.
We write D( X˜,n) for this group, having a well-deﬁned (left) action on the product space X˜n given by((
(α j)
n
j=1,σ
)
, (x˜ j)
n
j=1
) 	→ (α j x˜i j )nj=1, (4.1)
where x˜ j ∈ X˜ , α j ∈D( X˜) for each j, and σ = (i1, i2, . . . , in) ∈ Σn is regarded as a homeomorphism on X˜n . In other words,
the homomorphism from D( X˜,n) to the self-homeomorphism group of X˜n is given by (γ ,σ ) 	→ γ σ X˜n .
Recall from [1] that if a group G acts on a path connected, simply connected, locally compact metric space X such that
(1) the stabilizer of each point of X is ﬁnite, and (2) each point x ∈ X has a neighborhood U such that any element of G
not in the stabilizer of x maps U outside itself, then the fundamental group of the orbit space X/G is isomorphic to the
quotient group G/N , where N is the normal subgroup of G generated by those elements which have ﬁxed points. Thus, we
obtain
Lemma 4.1. Let p : X˜ → X be the universal covering. The semi-direct productD( X˜,n) =D( X˜)n  Σn acts on X˜n as in (4.1). Suppose
that N is the normal subgroup ofD( X˜,n) generated by those elements which have ﬁxed points. Then
(1) the orbit space X˜n/D( X˜,n) is the n-symmetric product SPn X of X with quotient map qSPn : X˜n → X˜n/D( X˜,n) = SPn X ;
(2) the orbit space X˜n/N is the universal covering of SPn X with quotient map pSPn : X˜
n/N → X˜n/D( X˜,n) as covering map;
(3) the fundamental group of SPn X is isomorphic to the quotient groupD( X˜,n)/N;
(4) there is a commutative diagram consisting of quotient maps
X˜n
q˜n
qSPn∏n p
X˜n/N
pSPn
S˜Pn X
∏n X qn SPn X
(4.2)
Let us consider self-maps. Any self-map f : X → X induces a self-map ∏n f : Xn → Xn and a self-map SPn f : SPn X →
SPn X on SPn X , which are respectively given by∏n
f (x1, x2, . . . , xn) =
(
f (x1), f (x2), . . . , f (xn)
)
and
SPn f
([x1, x2, . . . , xn])= [ f (x1), f (x2), . . . , f (xn)],
where x j ∈ X for j = 1,2, . . . ,n, and [x1, x2, . . . , xn] is the orbit determined by (x1, x2, . . . , xn) when we regard SPn X as the
orbit space of Xn under the action of Σn . For any element σ ∈ Σn , we have a commutative diagram
Xn
(
∏n f )σ Xn
qn
Xn
qn
SPn X
SPn f SPn X
(4.3)
This morphism of self-maps gives rise to a correspondence q˜n,lift from the set of liftings of (
∏n f )σ Xn to that of SPn f . When
f is the identity, we have
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X˜n
σ X˜
n
q˜n
X˜n
q˜n
S˜Pn X S˜Pn X
That is: q˜n,lift(σ X˜
n
) = id : S˜Pn X → S˜Pn X, where q˜n,lift is the correspondence from the set of liftings of σ Xn : Xn → Xn to the set of
liftings of the identity map on SPn X, and it is determined by the lifting q˜n and the following morphism of self-maps
Xn
σ X
n
qn
Xn
qn
SPn X
id SPn X
and σ X˜
n
: X˜n → X˜n is regarded as a lifting of σ Xn : Xn → Xn.
Proof. Since q˜n is a lifting of qn , we have pSPn q˜n = qn(
∏n p), where pSPn is the universal covering map. From Lemma 4.1,
we have pSPn (q˜nσ
X˜n ) = (pSPn q˜n)σ X˜n = qn(
∏n p)σ X˜n . It turns out to be (qnσ Xn )(∏n p) = qn(∏n p) because σ X˜n : X˜n → X˜n is
a lifting of σ X
n
: Xn → Xn . It follows that q˜nσ X˜n : X˜n → S˜Pn X is also a lifting of qn . Pick a point x˜ in X˜ , then (x˜, x˜, . . . , x˜) is a
point in X˜n which is mapped by q˜n and q˜nσ X˜
n
into the same point in S˜Pn X . By the uniqueness of lifting, we conclude that
q˜n and q˜nσ X˜
n
are the same lifting of qn . This is what we want to prove. 
From the morphism (4.3) of self-maps, we have a correspondence
qn,FPC : FPC
((∏n
f
)
σ X
n
)
→ FPC(SPn f )
for any σ ∈ Σn . By deﬁnition, if F is a ﬁxed point class of (∏n f )σ Xn : Xn → Xn which is determined by a lifting g˜ , then
qn,FPC(F ) is the ﬁxed point class of SPn f determined by q˜n,lift(g˜), where q˜n is a lifting of qn : Xn → SPn X . Thus, we can deﬁne
Deﬁnition 4.3. Let F1, F2, . . . , Fk be ﬁxed point classes of f m1 , f m2 , . . . , f mk , respectively, where
∑k
j=1mj = n, and let
qn : Xn → SPn X be the natural quotient map. Suppose that F is a ﬁxed point class of SPn f : SPn X → SPn X . The set
{F1, F2, . . . , Fk} of ﬁxed point classes is said to be a composition of the ﬁxed point class F if F = qn,FPC(F1, F2, . . . , Fk).
In this case, each Fi is said to be a member of the composition of F . We shall write F = [F1, F2, . . . , Fk].
From this deﬁnition and Lemma 4.2, we obtain that
Proposition 4.4. Let f˜ be a lifting of f : X → X. Suppose that for each j = 1,2, . . . ,k, the class F j is determined by α j f˜ m j where
α j ∈D( X˜). Then the ﬁxed point class [F1, F2, . . . , Fk] is determined by q˜n,lift(
∏k
j=1(α j f˜ ,
∏mj−1 f˜ )) for any lifting q˜n of qn : Xn →
SPn X.
Proof. By Deﬁnition 3.1, the ﬁxed point class (F1, F2, . . . , Fk) of (
∏k
j=1 f )σ X
n
m is determined by
∏k
j=1(α j f˜ ,
∏mj−1 f˜ )σ X˜nm ,
where m = (m1,m2, . . . ,mk). By Deﬁnition 4.3 and the deﬁnition of qn,FPC , the ﬁxed point class [F1, F2, . . . , Fk] is deter-
mined by
q˜n,lift
((
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
))
σ X˜
n
m
)
for any lifting q˜n of the natural quotient map qn . By [10, 1.7(ii), p. 43], we have
q˜n,lift
((
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
))
σ X˜
n
m
)
= q˜n,lift
(
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
))
q˜n,lift
(
σ X˜
n
m
)
.
From Lemma 4.2, we have that q˜n,lift(σ X˜
n
m ) is the identity on S˜Pn X . We then obtain the conclusion. 
Clearly, the ﬁxed point class (F1, F2, . . . , Fk) depends on the order of F j ’s. The next proposition shows that the ﬁxed
point class [F1, F2, . . . , Fk] will not.
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Proof. Choose a lifting f˜ of f . For each j = 1,2, . . . ,k, suppose that F j is determined by α j f˜ m j , where α j ∈ D( X˜). By
Proposition 4.4, [F1, F2, . . . , Fk] is determined by q˜n,lift(
∏k
j=1(α j f˜ ,
∏mj−1 f˜ )) for some lifting q˜n of qn : Xn → SPn X .
Let {i1, i2, . . . , ik} = {1,2, . . . ,k}. Then [Fi1 , Fi2 , . . . , Fik ] is determined by q˜n,lift(
∏k
j=1(αi j f˜ ,
∏mi j −1 f˜ )). Notice that
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
)
= (σ X˜n)−1 k∏
j=1
(
αi j f˜ ,
∏mi j−1 f˜)σ X˜n ,
for some element σ in Σn . By Lemma 4.2 and [10, 1.7(ii), p. 43], we have
q˜n,lift
(
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
))
= q˜n,lift
((
σ X˜
n)−1( k∏
j=1
(
αi j f˜ ,
∏mi j−1 f˜)
)
σ X˜
n
)
= q˜n,lift
((
σ X˜
n)−1)
q˜n,lift
(
k∏
j=1
(
αi j f˜ ,
∏mi j−1 f˜)
)
q˜n,lift
(
σ X˜
n)
= q˜n,lift
(
k∏
j=1
(
αi j f˜ ,
∏mi j−1 f˜)
)
.
It follows that [Fi1 , Fi2 , . . . , Fik ] = [F1, F2, . . . , Fk]. 
A ﬁxed point class F of SPn f : SPn X → SPn X may have several different compositions. In each composition, a ﬁxed point
class of some iteration of f may appear more than once. Recall from [10, p. 55] that the morphism
X
f s
f
X
f
X
f s
X
gives rise to a correspondence fFPC : FPC( f s) → FPC( f s) for any s.
Proposition 4.6. For any integers u j , j = 1,2, . . . ,k, we have[
f u1FPC(F1), f
u2
FPC(F2), . . . , f
uk
FPC(Fk)
]= [F1, F2, . . . , Fk].
Proof. What we need to prove is that the composition [F1, F2, . . . , Fk] is unchanged if some member F j is replaced by its
fFPC image fFPC(F j). Since a composition [F1, F2, . . . , Fk] is independent of the order of the F j ’s, it is suﬃcient to show that
[ fFPC(F1), F2, . . . , Fk] = [F1, F2, . . . , Fk]. Fix a lifting f˜ of f . Assume that each F j is a ﬁxed point class of f m j determined
by α j f˜ m j for some α j ∈ D( X˜), where ∑kj=1mj = n. By deﬁnition, fFPC(F1) is determined by f˜ α1( f˜ )m1−1 = f˜π (α1)( f˜ )m1 .
Denote
g˜ =
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
)
, g˜′ =
(
f˜π (α1) f˜ ,
∏mj−1
f˜ ,
k∏
j=2
(
α j f˜ ,
∏mj−1
f˜
))
.
The ﬁxed point classes [F1, F2, . . . , Fk] and [ fFPC(F1), F2, . . . , Fk] are respectively determined by q˜n,lift(g˜) and q˜n,lift(g˜′) for a
lifting q˜n of qn .
Writing γ for the element (α1,1, . . . ,1︸ ︷︷ ︸
n−1
) in D( X˜)n , we have
γ g˜′γ −1 =
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
)
= g˜.
From [10, 1.7(ii), p. 43], we obtain
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(
g˜′
)
q˜n,lift
(
γ −1
)= q˜n,lift(g˜).
Thus, q˜n,lift(g˜′) and q˜n,lift(g˜) are conjugate liftings of SPn f , and therefore determine the same ﬁxed point class of SPn f . 
Let us recall a concept from Nielsen periodic point theory (see [10, III, 3], [8] and [9] for more details). For positive
integers l and m with l | m, if x0 is a ﬁxed point of f l , then x0 must be a ﬁxed point of f m . On the level of ﬁxed point
classes, there exists a correspondence
ιl,m : FPC
(
f l
)→ FPC( f m),
which is given as follows. If a ﬁxed point class F of f l is determined by β f˜ l for some lifting f˜ of f and an element
β ∈D( X˜), then ιl,m(F ) is the ﬁxed point class of f m determined by (β f˜ l)r , where r is the integer m/l. A ﬁxed point class F ′
of f m is said to be reduced to a ﬁxed point class F of f l if F ′ = ιl,m(F ). A ﬁxed point class of f m is said to be reducible if it
lies in the union⋃
l|m, l<m
ιl,m
(
FPC
(
f l
))
and to be irreducible if it does not.
Proposition 4.7. Let F1, F2, . . . , Fk be ﬁxed point classes of f m1 , f m2 , . . . , f mk , respectively, where
∑k
j=1mj = n. If Fi0 is reduced to
a ﬁxed point class F¯ of f s , where s |mi0 , then
[F1, F2, . . . , Fk] = [F1, F2, . . . , Fi0−1, F¯ , . . . , F¯︸ ︷︷ ︸
r
, Fi0+1, . . . , Fk],
where r is the integer mi0/s.
Proof. By Proposition 4.5, we may assume that i0 = 1. Pick a lifting f˜ of f . Each F j , j = 1,2, . . . ,k, is a ﬁxed point class
of f m j determined by α j f˜ m j for some α j ∈D( X˜). Since F1 is reduced to F¯ , we can choose a lifting β f˜ s of f s determining F¯
such that (β f˜ s)r = α1 f˜ m1 . It follows that α1 = β f˜ sπ (β) · · · f˜ (r−1)sπ (β). Denote
g˜ =
k∏
j=1
(
α j f˜ ,
∏mj−1
f˜
)
, g˜′ =
(∏r(
β f˜ ,
∏s−1
f˜
)
,
k∏
j=2
(
α j f˜ ,
∏mj−1
f˜
))
.
By Proposition 4.4, the ﬁxed point classes [F1, F2, . . . , Fk] and [ F¯ , . . . , F¯︸ ︷︷ ︸
r
, F2, . . . , Fk] are respectively determined by q˜n,lift(g˜)
and q˜n,lift(g˜′) for a lifting q˜n of qn . It is suﬃcient to show these two liftings of SPn f are conjugate.
Let γ = (γ1, γ2, . . . , γm1 ,1, . . . ,1︸ ︷︷ ︸
n−m1
), where γ1 = 1, and γ j , j = 2,3, . . . ,m1 are deﬁned inductively by
γ j+1 = f˜π (γ j) if j  s, γ j+1 = f˜π (γ j)β−1 if j | s,
i.e.
γ = (1, . . . ,1︸ ︷︷ ︸
s
, β−1, f˜π
(
β−1
)
, f˜ 2π
(
β−1
)
, . . . , f˜ s−1π
(
β−1
)
,
f˜ sπ
(
β−1
)
β−1, f˜ s+1π
(
β−1
)
f˜π
(
β−1
)
, . . . , f˜ 2s−1π
(
β−1
)
f˜ s−1π
(
β−1
)
,
. . . , . . . ,
f˜ (r−2)sπ
(
β−1
)
f˜ (r−3)sπ
(
β−1
) · · · f˜ sπ (β−1)β−1,
. . . , f˜ (r−1)s−1π
(
β−1
)
f˜ (r−2)s−1π
(
β−1
) · · · f˜ s−1π (β−1),1, . . . ,1︸ ︷︷ ︸
n−m1
)
.
By a computation (see [18, Theorem 2.1(i)]), we have that γ g˜′σ X˜nm γ−1 = g˜σ X˜nm , where m = (m1,m2, . . . ,mk). Using the
correspondence q˜n,lift , we obtain
q˜n,lift(γ )q˜n,lift
(
g˜′σ X˜nm
)
q˜n,lift
(
γ −1
)= q˜n,lift(g˜σ X˜nm ).
Thus, two liftings q˜n,lift(g˜′) and q˜n,lift(g˜) of SPn f are conjugate. 
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result.
Proposition 4.8. Each ﬁxed point class of SPn f has a composition of the form [F1, F2, . . . , Fn], where each F j is a ﬁxed point class
of f .
Proof. Let p : X˜ → X be the universal covering. By Lemma 4.1, the symmetric product space SPn X is the orbit space
X˜n/D( X˜,n), where D( X˜,n) is the semi-direct product D( X˜)n Σn , acting on X˜n as in (4.1). The universal covering of SPn X
is the orbit space X˜n/N , in which N is the smallest normal subgroup of D( X˜,n) containing all of the elements having ﬁxed
points. Here, each element in D( X˜,n) is regarded as a homeomorphism of X˜n .
Let f˜ : X˜ → X˜ be a lifting of f , and let g˜ = q˜n,lift(
∏n f˜ ), i.e. there is a commutative diagram:
X˜n
∏n f˜
q˜n
X˜n
q˜n
X˜n/N
g˜
X˜n/N
By Lemma 4.1, the covering translation group of the universal covering of SPn X is D( X˜,n)/N . Hence, every lifting of SPn f
can be written as [(γ ,σ )]g˜ , where (γ ,σ ) is in D( X˜,n), and [(γ ,σ )] is the element in the quotient group D( X˜,n)/N
determined by (γ ,σ ), which is considered as a right coset because of the left action. Since (γ ,σ ) = (1, σ ) ◦ (σ−1(γ ),1) in
the group D( X˜,n) =D( X˜)n  Σn , and since (1, σ ) has ﬁxed points for any σ ∈ Σn , we have [(γ ,σ )] = [(σ−1(γ ),1)] in the
quotient group D( X˜,n)/N . Thus,
[
(γ ,σ )
]
g˜qn =
[(
σ−1(γ ),1
)]
g˜qn =
[(
σ−1(γ ),1
)]
qn
(∏n
f˜
)
= qn
(
σ−1(γ ),1
)(∏n
f˜
)
= qn
(
n∏
j=1
γσ−1( j) f˜
)
,
where γ = (γ j)nj=1, [(γ ,σ )] and [(γ ,1)] are regarded as actions (homeomorphisms) on X˜n/N . It follows from the deﬁ-
nition of q˜n,lift that q˜n,lift(
∏n
j=1 γσ−1( j) f˜ ) = [(γ ,σ )]g˜ . By Deﬁnition 4.3 and Proposition 4.4, the ﬁxed point class of SPn f
determined by [(γ ,σ )]g˜ has a composition [F1, F2, . . . , Fn], where F j is a ﬁxed point class of f determined by γσ−1( j) f˜ ,
j = 1,2, . . . ,n. 
5. Relations with relative Nielsen ﬁxed point theory
In this ﬁnal section, we shall illustrate some relations among the concepts of relative Nielsen ﬁxed point theory (see
[15,16]) and those of Nielsen periodic point theory.
Pick a positive integer n, for k = 1,2, . . . ,n, we denote(
Xn
)(k) = {(x1, x2, . . . , xn) ∈ Xn: ∣∣{x1, x2, . . . , xn}∣∣ k},
SPn X
(k) = {[x1, x2, . . . , xn] ∈ SPn X: ∣∣{x1, x2, . . . , xn}∣∣ k}.
In particular, (Xn)(1) = SPn X (1) = X , (Xn)(n) = Xn and SPn X (n) = SPn X . Given a self-map f : X → X , we have
SPn f
(
SPn X
(k))⊂ SPn X (k), (∏n f)((Xn)(k))⊂ (Xn)(k),
for each k. For any l and k with l < k and any element σ ∈ Σn , there are two commutative diagrams (i.e. two morphisms of
self-maps):
(Xn)(l)
(
∏n f )σ |
i(l,k)
(Xn)(l)
i(l,k)
(Xn)(k)
(
∏n f )σ |
(Xn)(k)
(SPn X)(l)
SPn f |
i(l,k)
(SPn X)(l)
i(l,k)
(SPn X)(k)
SPn f |
(SPn X)(k)
where i(l,k) is the inclusion.
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∏n f |(∏n X)(k) ) is said to contain a ﬁxed point class F ′ of SPn f |(SPn X)(l)
(or
∏n f |(∏n X)(l) ) if F = i(l,k)FPC (F ′).
This deﬁnition coincides with the “containing” relation among the subsets of the ﬁxed point set of given self-map
(see [19, Proposition 2.1]). Here, all ﬁxed point classes are those in the sense of lifting. Thus, when a ﬁxed point class
of SPn f |(SPn X)(k) does not intersect (SPn X)(l) , one cannot decide if it contains a ﬁxed point class of SPn f |(SPn X)(l) because a
ﬁxed point class being contained in it may be an empty set. But, there is still a criterion by using universal coverings.
Lemma 5.2. Let g : (Y , Z) → (Y , Z) be a relative map, and let pY : Y˜ → Y be the universal covering. A ﬁxed point class of g determined
by a lifting g˜ contains some ﬁxed point class of g|Z if and only if there is a point z˜ ∈ p−1Y (Z) such that z˜ and g˜(z˜) are in the same
component of p−1Y (Z).
Proof. Compare the proof of [19, Theorem 2.3]. 
Proposition 5.3. Let F be a ﬁxed point class of SPn f . If there is a composition of F such that two members are the same ﬁxed point
class of some f s, then F contains some ﬁxed point class of SPn f |(SPn X)(n−s) .
Proof. Let F = [F1, F2, . . . , Fk]. Each F j is a ﬁxed point class of f m j determined by α j f˜ m j for some lifting f˜ of f , where∑
mj = n. Without loss of generality, we may assume that F1 and F2 are the same ﬁxed point class of f s . Thus, m1 =m2 = s
and we may choose α1 = α2.
Let W˜ = {(x˜1, x˜2, . . . , x˜n) ∈ X˜n: x˜ j = x˜ j+s, for all j = 1,2, . . . , s}. Then W˜ is a component of (∏n p)−1((Xn)(n−s)). Note
that the ﬁxed point class (F1, F2, . . . , Fk) is determined by (
∏n
j=1(α j f˜ ,
∏mj−1 f˜ ))σ X˜nm , where m = (m1,m2, . . . ,mk). Since
W˜ is mapped by (
∏n
j=1(α j f˜ ,
∏mj−1 f˜ ))σ X˜nm into W˜ , by Lemma 5.2, the ﬁxed point class (F1, F2, . . . , Fk) of (∏n f )σ X˜nm
contains some ﬁxed point class F ′ of (
∏n f )σ Xnm |(∏n X)(n−s) . By using the commutative diagram
FPC((
∏n f )σ Xnm |(Xn)(n−s) ) in−s,nFPC
qn,FPC
FPC((
∏n f )σ Xnm )
qn,FPC
FPC(SPn f |(SPn X)(n−s) )
in−s,nFPC FPC(SPn f )
we conclude that F = [F1, F2, . . . , Fk] = qn,FPC((F1, F2, . . . , Fk)) contains the ﬁxed point class qn,FPC(F ′) of SPn f |(SPn X)(n−s) . 
The next theorem is one of our main results.
Theorem 5.4. Let F be a ﬁxed point class of SPn f : SPn X → SPn X. If F does not contain any ﬁxed point class of SPn f |(SPn X)(n−1) , then
the members of any given composition of F are distinct, and each of them is irreducible.
Proof. Let F = [F1, F2, . . . , Fk]. If two members Fi and F j (i = j) are the same ﬁxed point class of f s (1  s  n), then
by Proposition 5.3, F contains some ﬁxed point class F ′ of SPn f |(SPn X)(n−s) , and therefore it contains the ﬁxed point class
i(n−s,n−1)FPC (F ′) of SPn f |(SPn X)(n−1) .
If there is a member Fi0 which is reducible, then by Proposition 4.7, we have
F = [F1, F2, . . . , Fi0−1, F¯ , . . . , F¯︸ ︷︷ ︸
r
, Fi0+1, . . . , Fk].
Using the same argument as above, we know that F must contain some ﬁxed point class of SPn f |(SPn X)(n−1) . 
Recall from [19] that for a relative map f : (X, A) → (X, A), a ﬁxed point class of f is said to be weakly common if it
contains a ﬁxed point class of f |A . In [7], the concept of “weakly common” was generalized to the setting of M-ads, i.e. the
maps with many invariant subspaces, and it was said to be “reducible”, which is not the same concept as in periodic point
theory (see [7, Remark 2.15]). Here, we obtain a new connection between the concepts “weakly common” in relative Nielsen
ﬁxed point theory and “reducible” in Nielsen periodic point theory.
To conclude, we analyze an example of an induced map on a symmetric product space together with its ﬁxed point
classes.
Example 5.5. Let f : S1 → S1 be a self-map on S1 with degree m (m > 1), deﬁned by f (eθ i) = emθ i . We shall consider its
induced map SP2 f : SP2S1 → SP2S1.
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e2πti for t ∈ R. Then D(R) = {γk: k ∈ Z}, where γk :R → R is given by γk(t) = t+k. Fix a lifting f˜ of f deﬁned by f˜ (t) =mt
for all t ∈ R. It is obvious that the set of conjugacy classes of liftings of f is
{γ0 f˜ , γ1 f˜ , . . . , γm−2 f˜ }.
Then FPC( f ) = {F0, F1, . . . , Fm−2}, where F j is determined by γ j f˜ for 0 j m − 2. Each ﬁxed point class has index 1,
and therefore N( f ) = m − 1. Similarly, the set of conjugacy classes of liftings of f 2 is {γ0 f˜ 2, γ1 f˜ 2, . . . , γm2−2 f˜ 2}, and
FPC( f 2) = {F ′0, F ′1, . . . , F ′m2−2}, where F ′j is determined by γ j f˜ 2 for 0 j m2 − 2. Since γ j f˜ γ j f˜ = γ j(m+1) f˜ 2, the boosting
function ι1,2 : FPC( f ) → FPC( f 2) is given by ι1,2(F j) = F ′j(m+1) . Thus, F ′j is reducible if and only if j ≡ 0 mod m + 1.
Consider the map f × f : S1 × S1 → S1 × S1. All liftings of f × f are of the form γk f˜ × γl f˜ . The set of conjugacy
classes of liftings of f × f is {γk f˜ × γl f˜ : k, l = 0,1, . . . ,m − 2}. From Deﬁnition 3.1, we have FPC( f × f ) = {(Fk, Fl): k, l =
0,1, . . . ,m − 2}.
Note that the symmetric group Σ2 = Z2. We may write Σ2 = {1 = τ 0, τ }. The self-map ( f × f )τ is given by
( f × f )τ (x, y) = ( f (y), f (x)). Similarly, the ﬁxed point class (F ′j) of ( f × f )τ is determined by (γ j f˜ × f˜ )τ , and
FPC(( f × f )τ ) = {(F ′j): j = 0,1, . . . ,m2 − 2}.
The semi-direct product (Z × Z)  Σ2 is
D(R,2) = {(k, l;τ v): k, l ∈ Z, v = 0,1}.
Its left action on R2 is given by(
k, l;τ v)(x˜, y˜) = { (x˜+ k, y˜ + l) if v = 0,
( y˜ + k, x˜+ l) if v = 1.
Thus, the set of non-trivial elements of D(R,2) having ﬁxed points is {(k,−k;τ ): k ∈ Z}. It generates a normal subgroup:
N = {(k,−k;τ v): k ∈ Z, v = 0,1}.
Note that (k, l;1)−1 = (−k,−l,1) and (k, l;τ )−1 = (−l,−k, τ ). By a computation, we know that two elements (k, l;τ v ) and
(k′, l′;τ v ′ ) are in the same right coset of N if and only if k+ l = k′ + l′ . Then we obtain a presentation of the quotient group:
D(R,2)/N = {[(k,0;1)]: k ∈ Z}∼= Z.
Since f˜ × f˜ is a lifting of f × f , we write g˜ = q˜2,lift( f˜ × f˜ ), i.e. there is a commutative diagram
R2
f˜× f˜
q˜2
R2
q˜2
R2/N
g˜
R2/N
(5.4)
where q˜2 :R2 → R2/N is the quotient map and is regarded as a lifting of q2 : S1 × S1 → SP2S1. Let us denote by [x˜, y˜]N the
point in R2/N , which is the orbit of (x˜, y˜) under the action of N , i.e. q˜2(x˜, y˜) = [x˜, y˜]N . We have that g˜([x˜, y˜]N) = [mx˜,my˜]N .
From Lemma 4.1, R2/N is the universal covering space of SP2S1. Thus, any lifting of SP2 f can be written as [(k,0;1)]g˜ .
Each lifting in the conjugacy class of [(k,0;1)]g˜ must be of the form [(l,0;1)]−1[(k,0;1)]g˜[(l,0;1)]. Note that for any point
[x˜, y˜]N in R2/N ,
[x˜, y˜]N
[
(l,0;1)]	−→ ([x˜+ l, y˜]N) g˜	−→ ([m(x˜+ l),my˜]N)[
(k,0;1)]	−→ ([mx˜+ k +ml,my˜]N) [(l,0;1)]−1	−→ ([mx˜+ k +ml − l,my˜]N).
We have that [(l,0;1)]−1[(k,0;1)]g˜[(l,0;1)] = [(k+ (m−1)l,0;1)]g˜ . It follows that [(k′,0;1)]g˜ and [(k,0;1)]g˜ are conjugate
if and only if k′ ≡ k mod m − 1. The set of conjugacy classes of liftings of SP2 f is{[
(0,0;1)]g˜, [(1,0;1)]g˜, . . . , [(m − 2,0;1)]g˜}. (5.5)
Hence, FPC(SP2 f ) = {G0,G1, . . . ,Gm−2}, where G j is determined by [( j,0;1)]g˜ for j = 0,1, . . . ,m − 2. Since SP2S1 is of the
homotopy type of S1, each ﬁxed point class has index 1.
Notice that
q˜2,lift(γk f˜ × γl f˜ ) = q˜2,lift
(
(γk, γl)( f˜ × f˜ )
)= q˜2,lift((γk, γl))q˜2,lift( f˜ × f˜ )
= [(k, l;1)] g˜ = [(k + l,0;1)]g˜.
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if k + l ≡ j mod m − 1.
For a lifting (γ j f˜ × f˜ )τ of ( f × f )τ , we have that
q˜2,lift
(
(γ j f˜ × f˜ )τ
)= q˜2,lift((γ j, γ0)( f˜ × f˜ )τ )
= q˜2,lift
(
(γ j, γ0)
)
q˜2,lift( f˜ × f˜ )q˜2,lift(τ )
= [( j,0;1)]g˜.
Thus, [F ′j] = Gi if j ≡ i mod m − 1.
For any j where j = 0,1, . . . ,m − 2, the ﬁxed point class G j of SP2 f has 2m compositions. There are m − 1 compo-
sitions having two numbers: [F0, F j], [F1, F j−1], . . . , [F j, F0], [F j+1, Fm−2], [F j+2, Fm−3], . . . , [Fm−2, F j+1]. The other m + 1
compositions are: [F ′j], [F ′j+(m−1)], [F ′j+2(m−1)], . . . , [F ′j+m(m−1)].
From the diagram (4.2), we have
R2
q˜2
p×p
R2/N
pSP2
S˜P2S1
S1 × S1 q2 SP2S1
Set Wi = {(x˜, y˜) ∈ R2: x˜ − y˜ = i} for each i ∈ Z, where − denotes subtraction of real numbers. Since these Wi ’s are all
components of (q2(p × p))−1((SP2S1)(1)), we have p−1SP2 ((SP2S1)(1)) = (
⊔
i∈ZWi)/N . Pick a point (i,0) ∈ Wi . By an action of
the element (k,−k;τ ) ∈ N , we have that (k,−k;τ )(i,0) = (k, i−k) ∈ W2k−i . It follows that (k,−k;τ )(Wi) = W2k−i . Similarly,
we have (k,−k;1)(Wi) = W2k+i . Since N = {(k,−k;τ v ): k ∈ Z, v = 0,1}, the set (⊔i∈ZWi)/N , and hence p−1SP2 ((SP2S1)(1)),
has two components:
W ′0 =
{[x˜, y˜]N : x˜ = y˜}, W ′1 = {[x˜, y˜]N : x˜ = y˜ + 1}.
Now, we regard SP2 f as a relative map
SP2 f :
(
SP2S
1,
(
SP2S
1)(1))→ (SP2S1, (SP1S1)(1)).
Pick [0,0]N ∈ W ′0, then by using the diagram (5.4), we obtain that
[ j,0;1]g˜([0,0]N)= [ j,0;1]g˜q˜2(0,0) = [ j,0;1]q˜2( f˜ × f˜ )(0,0)
= [ j,0;1]q˜2(0,0) = [ j,0;1]
([0,0]N)
= [ j,0]N .
The point [ j,0]N lies in W ′1 if j is odd and lies in W ′0 if j is even. On the other hand, for the point [1,0]N ∈ W ′1
[ j,0;1]g˜([1,0]N)= [ j,0;1]g˜q˜2(1,0) = [ j,0;1]q˜2( f˜ × f˜ )(1,0)
= [ j,0;1]q˜2(m,0) = [ j,0;1]
([m,0]N)
= [ j +m,0]N .
The point [ j + m,0]N lies in W ′1 if j + m is odd and lies in W ′0 if j + m is even. By Lemma 5.2, when m is odd, the
ﬁxed point class G j determined by [ j,0;1]g˜ contains a ﬁxed point class of SP2 f |(SP2 S1)(1) if and only if j is even. When
m is even, each ﬁxed point class G j always contains a ﬁxed point class of SP2 f |(SP2 S1)(1) . Note that each G j is essential.
Thus, N(SP2 f ) = m − 1. The number of essential ﬁxed point classes of SP2 f which do not contain ﬁxed point classes
of SP2 f |(SP2 S1)(1) , i.e. the number of essential and weakly non-common ﬁxed point classes, is
N
(
SP2 f , SP2S
1 − (SP2S1)(1))= { m−12 m = 3,5,7, . . . ,
0 m = 2,4,6, . . . .
This number is called the relative Nielsen number on the complement (see [19]). It should be noted that the ﬁxed point
classes of SP2 f containing ﬁxed point classes of SP2 f |(SP2 S1)(1) are exactly those having compositions of the form [Fi, Fi].
Remark 5.6. The Nielsen type numbers for periodic points, such as NPn( f ) and NΦn( f ) (see [8,9] for the deﬁnitions),
provide the information about the number of periodic points of a given self-map f . But, their computation is much more
diﬃcult than that of the original Nielsen number N( f ). It is our hope that the Nielsen number N(SPn f ) of the induced map
SPn f on the symmetric product space may give us more accessible information about the existence of periodic points of
the original self-map f .
X. Zhao / Topology and its Applications 157 (2010) 1859–1871 1871Acknowledgements
This work was motivated by the results and observations in [17,18]. The author would like to thank Professor Peter Wong
for sending the preprints and for a helpful conversation about this topic. The author would also like to thank Professor
Boju Jiang and Hao Zheng, because he really beneﬁted from the discussions with them while working on the paper [11].
The author is grateful to Professor Andrew Cotton-Clay for furnishing him with relevant background information about
symmetric product. Many thanks are due to Professor R.F. Brown in UCLA who carefully read this paper and put forward
numerous suggestions. Finally, the author would like to thank the referee for many valuable comments.
References
[1] M.A. Armstrong, The fundamental group of the orbit space of a discontinuous group, Math. Proc. Cambridge Philos. Soc. 64 (1968) 299–301.
[2] K. Borsuk, S. Ulam, On symmetric products of topological spaces, Bull. Amer. Math. Soc. 37 (12) (1931) 875–882.
[3] R.F. Brown, The Lefschetz Fixed Point Theorem, Scott Foresman and Co., Glenview, IL, 1971.
[4] R.F. Brown, The Lefschetz number of an n-valued multimap, JP J. Fixed Point Theory Appl. 2 (1) (2007) 53–60.
[5] A. Dold, R. Thom, Quasifaserungen und unendliche symmetrische Produkte, Ann. of Math. (2) 67 (1958) 239–281.
[6] B. Halpern, The minimal number of periodic points, Abstracts Amer. Math. Soc. 1 (1980) 269.
[7] P. Heath, Two, more readily computable equivariant Nielsen numbers. I. Nielsen theory for M-ads, Topology Appl. 156 (2) (2008) 165–185.
[8] P. Heath, R. Piccinini, C. You, Nielsen-type numbers for periodic points I, in: Topological Fixed Point Theory and Applications, in: Lecture Notes in
Math., vol. 1411, Springer-Verlag, 1989, pp. 88–106.
[9] P. Heath, C. You, Nielsen-type numbers for periodic points II, Topology Appl. 43 (1992) 219–236.
[10] B. Jiang, Lectures on Nielsen Fixed Point Theory, Contemp. Math., vol. 14, Amer. Math. Soc., Providence, RI, 1983.
[11] B. Jiang, X. Zhao, H. Zheng, On ﬁxed points of stratiﬁed maps, J. Fixed Point Theory Appl. 2 (2) (2007) 225–240.
[12] B. Jiang, H. Zheng, A trace formula for the forcing relation of braids, Topology 47 (1) (2008) 51–70.
[13] C. Maxwell, Fixed points of symmetric product mappings, Proc. Amer. Math. Soc. 8 (1957) 808–815.
[14] H. Schirmer, A minimum theorem for n-valued multifunctions, Fund. Math. 126 (1) (1985) 83–92.
[15] H. Schirmer, A relative Nielsen number, Paciﬁc J. Math. 122 (1986) 459–473.
[16] H. Schirmer, A survey of relative Nielsen ﬁxed point theory, in: Nielsen Theory and Dynamical Systems, in: Contemp. Math., vol. 152, Amer. Math. Soc.,
Providence, RI, 1993, pp. 291–310.
[17] P. Wong, Equivariant Nielsen number, Paciﬁc J. Math. 159 (1993) 153–175.
[18] P. Wong, Estimation of Nielsen type numbers for periodic points, Far East J. Math. Sci. (FJMS) 1 (1993) 69–84.
[19] X. Zhao, A relative Nielsen number for the complement, in: Topological Fixed Point Theory and Applications, in: Lecture Notes in Math., vol. 1411,
Springer-Verlag, 1989, pp. 189–199.
